Nineteen indices characterizing the disproportionality in a parliament are studied. A classification of these indices is suggested, and computational experiments and an axiomatic approach are used to study their properties. Effects of the number of parties and the degree of disproportionality are considered. The indices are evaluated for parliamentary elections (1995)(1996)(1997)(1998)(1999)(2000)(2001)(2002)(2003)(2004)(2005)(2006)(2007) in Russia.
Introduction
In the 20th century, the wide appearance of proportional representation (PR) systems was one of the reasons for the development of various methods for measuring the quality of electoral systems. Balinski and Young [1] gained one of the main results. They proved the impossibility of constructing a PR system that allocates seats in an exactly proportional way.
The impossibility of creating an ideal electoral system forced researchers to search for quantitative indices that would reflect the degree to which the system satisfies certain conditions. Such indices contain quantitative information and allow researchers to conduct empirical research and compare various electoral systems. One of the most extensive investigations of this sort was conducted by [2] . Detailed study of implementing PR by minimizing misrepresentation is given in [3, pp. 112-142] .
Up to now, many indices describing disproportionality have been constructed. Some of them were developed for studying some particular electoral system, while others were adapted from other areas of science. Thus, there is no agreement concerning what indices are better in a particular situation. A survey of such indices can be found in [4] . Until now, there has been almost no research that studies the properties of disproportionality indices.
This paper studies the properties of disproportionality indices. It is organized as follows. Section 2 introduces the main concepts. Sections 3-7 describe the main indices. Section 8 presents an axiomatic approach. Section 9 concludes with the results of calculating indices for the parliament elections in Russia from 1995 to 2007.
Main concepts
Consider a PR election with n parties participating. Let (V 1 , V 2 , . . . , V n ) be the vector of votes and (S 1 , S 2 , . . . , S n ) be the vector of seats each party receives. Then The problem of proportional representation consists of allotting a fixed number of seats between parties proportional to the number of votes they received. There are several methods for distributing seats, which are based on different principles and which lead to different outcomes. A description of these methods can be found in [4] .
The purpose of the election is to represent voters' preferences as closely as possible. According to the principle ''one person one vote'', each ballot should have 'equal force' in the sense of the share of seats in the parliament: , and party i is underrepresented when the opposite inequality holds. Using representations, it is possible to compare various parties with each other. In the ideal case, each vote has equal force and each party obtains a share of seats equal to the share of votes,
The deviation from the exact equality is not only a mathematical problem, but also a political one, because it is a distortion of citizens' true preferences.
Real political systems cannot achieve equality. First of all, the number of seats is an integer. Furthermore, there is a threshold of vote shares below which a party does not get seats. For this reason, small parties cannot have their own representatives in the parliament. By introducing a higher threshold, electoral laws attempt to exclude small parties. The extent to which the parliament does not represent citizens' preferences can be examined by using disproportionality indices.
In this paper, the consequences of participation restrictions for some parties and voters in the election are not considered. The focus of this paper is on election results. A representation index that takes into account the absence of voters can be found in [4] .
Disproportionality indices measure the deviation between the real apportionment and the exact one. We do not give the references to the original articles in which the indices were introduced; these references can be found in [5] .
The various approaches for measuring the quality of the electoral system can be divided into several groups.
Absolute deviation indices
The first group of indices characterizes apportionment by means of absolute deviations between vote shares and seat shares. Indices are equal to zero if and only if v i = s i for each party; this corresponds to the ideal representation. Maximum deviation and a sort of mean can be calculated.
The maximum deviation index
This index shows the size of distortion of the most inaccurately represented party. The maximum value is equal to 1; this is the case when a party that did not receive any votes obtains all seats.
The Rae index
This index is the arithmetic mean of absolute deviations:
This index has a clear interpretation: how much each party deviates from the exact representation on average. However, this index has a significant disadvantage: its value depends on the number of parties. When the number of parties which are not elected is very large, the value of the index is very low. It also tends to have very low values, describing the system to be more proportional than it actually is. This is closely related to the following property:
The lower values of the index do not correspond to a more accurate representation. Only those parties that have more than 0.5% of votes should be considered in order to avoid misinterpretation of the low values of the index. Nevertheless, this measure does not resolve the problem of potential misinterpretation. 
The Loosmore-Hanby index
The Loosmore-Hanby index, unlike the Rae index, always takes values from 0 to 1:
Although the Loosmore-Hanby index seems to be similar to the Rae index, it has a completely different meaning. The value of the Loosmore-Hanby index gives the total excess of seat shares of overrepresented parties over the exact quota and the total shortage accruing to other parties.
The Grofman index [4]
Although this index implies calculating the mean of absolute deviations, their sum is divided by the effective number of parties rather than by the total number of parties:
where
is the effective number of parties.
The Grofman index does not completely correct the disadvantages of the Rae index, e.g. the upper limit remains changeable. Moreover, this index can be greater than 1.
The Lijphart index
The Lijphart index is calculated in the same way as the Rae index, but only the two largest parties are considered:
The Lijphart index is evaluated for the two largest parties. Since the largest parties usually have the most significant deviations from their exact quota, this measure can be used to evaluate the disproportionality of the whole system. These indices are closely interconnected. The following inequalities hold:
Note that the Rae index is not necessarily the smallest. It can exceed the values of the Lijphart index when small parties have high deviations.
Quadratic indices
The previous group of indices is based on various versions of the arithmetic mean. Linearity in the deviations results in an insensitivity to changes in the seat assignment, because these indices would consider a big deviation and a group of small deviations to be the same.
Consider the example given in Table 4 .1, where there are four parties with given vote and seat distributions. Table 4 .2 presents an example in which the distribution of seats between parties A and B is changed, but the other shares remain as they were.
In both cases the absolute deviation indices remain unchanged, and they have the following values (Table 4. 3).
Note that the values of the indices remain unchanged in any seat distribution between parties A and B, when party B has a larger share of seats than party A. However, the seat distribution given in Table 4 .1 is more proportional than the distribution with a zero seat share for party A.
Quadratic indices can be used to compare distributions with an equal sum of absolute deviations. 
The Gallagher Index
The Gallagher Index often called the least squares index (Lsq):
This index has a different sensitivity to large and small deviations between vote and seat shares. Small differences have less influence on the index than big ones, which increase the index significantly. Small deviations are generally not eliminated. Big deviations imply that the distribution is less proportional. It is important to note that the disproportionality index considers various deviations differently. This property can be strengthened as suggested in [4] :
This index is not monotone with respect to k, and this complicates the interpretation of the index. In addition, the maximum possible value depends on k:
A small change in the form of the index can correct the latter defect:
In both cases, the indices take values from zero to one and become less sensitive to small deviations as k increases. In the limit, the index tends to the maximum deviation:
Note that the Gallagher index can be higher than the maximum deviation. An example is given in These indices do not satisfy the property of independence from split, which can be described as follows. If all parties can be separated into several equal groups (for instance, in Table 4 .4 there are two equal groups of parties: A, C and B, D), then the value of the index calculated for all parties should be equal to the value of the index for one group considered as a whole.
We can test the independence of the index from the split as follows. If every vote and seat share of each party is divided into k equal parts, then the index should remain equal to its initial value.
The Monroe index
The Monroe index [6] is a small modification of the Gallagher index:
The sum of the squares of vote shares characterizes the number of parties. The denominator decreases as the number of parties increases.
The next three indices are borrowed from socio-economic statistics. This science considers, among other things, the problem of measuring structural distinctions. For example, it may be necessary to compare economic structures in different regions, or compare the structure of actual output with what may be expected. A variety of indices have been developed in this field, which can be used to measure the disproportionality in the parliament. Unlike the Gallagher index, these indices satisfy the property of independence from split.
The Gatev index [7]
This index is calculated according to the formula:
. (10) This index is higher when parties are approximately equal in size than if there is significant inequality between parties or if there is a higher number of parties. Thus, this index is more sensitive to small parties than the Gallagher index.
This index does not change after a division of each vote and seat share into k equal parts:
.
The property of independence from split is useful in comparing election results with different numbers of parties.
The Ryabtsev index
The Ryabtsev index [8] insignificantly differs from the Gatev index, and it has lower values: 
The Szalai index
The Szalai index [9] is used in time-use research for comparing activity profiles:
This index differs from all others considered in this group. As party size increases, the value of (s i + v i )
2 also increases.
This reduces the value of the index and increases the effect of small parties. When some party fails to obtain even one seat, the following condition holds:
The value of the Szalai index is close to one when a significant number of parties do not have any representation. Thus, this index is very sensitive to the incorrect representation of small parties.
Consider the example in Table 4 .6, where one small party does not have any representation. In this example, the absolute deviation indices and the Gallagher index are close to zero, implying a good representation. The Szalai index, however, differs, with a value close to 0.7.
If this property is not desirable, the weighted Szalai index, proposed in [9] , can be used:
In some respects, this index is closer to the absolute deviation indices. The index can be considered to be the weighted sum of absolute deviations:
The main problem of using indices from socio-economic statistics is an absence of intuitive understanding of them, and therefore choosing this kind of index can be a complex task. The Ryabtsev and Gatev indices differ only in their denominators, but the lack of a clear interpretation hinders selecting the best.
The Aleskerov-Platonov index
The indices considered above are all based on measuring the difference between vote and seat shares, but equal deviations give different effects in terms of proportions. The significance of a deviation for large and small parties can vary greatly. Consider Table 5 .1 as the example:
Party B has a more significant overrepresentation in spite of the equality of deviations. This problem can be solved by using ratios. Differences and ratios between vote and seat shares are given in Table 5 .2.
Comparing the relative representations with 1, the problem of measuring disproportionality can be considered from a new point of view.
The Aleskerov-Platonov index [4] is calculated only for overrepresented parties: When some parties are not represented, the other parties will obtain on average more than one percent of seats for each percent of votes. This index shows the average excess of seat share over the vote share for overrepresented parties. The index equals 1 for the ideal representation. Note that we use this index only for overrepresented parties.
If there is no electoral threshold and we take overrepresented and underrepresented parties for calculation, the value of the index can be equal to 1, because this value is a mean of some values that are greater than 1 and of some values that are less than 1. Therefore, use of this index should be limited only to overrepresented parties.
Inequality indices
At the beginning of the XX century, welfare economics faced the problem of measuring inequality, a problem that is quite similar to the problem of measuring disproportionality. Several methods were developed to solve this problem. A voter receives an 'electoral income' in terms of party representation. It is possible to consider y i =
S i V i
to be the electoral income. Since equality of party representation is never achieved, the following indices can be used to measure the inequality.
The Gini index
This is one of the first indices proposed in welfare economics. The Gini index is calculated using the Lorenz curve ( Fig. 6.1 ). The curve passes through the points with cumulative shares of the income. Vote shares are located on the horizontal axis, and income shares are located on the vertical axis.
If wealth is distributed equally among individuals, then the curve is a straight line. If not, the curve will lie under this line and be convex. The cumulative shares of electoral income are calculated by the following formula:
The Gini index is the ratio of the area between the Lorenz curve and the perfect equality line to the area of the triangle under the straight line.
The Atkinson index [10]
This index uses a parameter ε, which characterizes the attitude of a society to inequality. A negative attitude to inequality is strengthened by an increase in ε. The Atkinson index is as follows:
Generalized entropy [10]
The index of the generalized entropy can be computed as follows:
Varying the value of the parameter α produces a class of indices with similar properties. The Atkinson index and the generalized entropy are very similar not only in form, but also in properties. Generalized entropy is widely used to measure income inequality, because it satisfies many desirable properties such as decomposability. An analysis of the other properties of these indices is given below.
Objective functions
For each apportionment method, an objective function can be defined such that its optimization gives the best seat allocation. This very function can be used to measure disproportionality. For example, the Rae index, the Loosmore-Hanby index, Lsq can be viewed as objective functions for the method of largest remainders.
The D'Hondt index
The D'Hondt index equals the maximum excess of seat share over vote share:
The Sainte-Lague index
The Sainte-Lague index is a weighted sum of squares of relative deviation:
These indices are objective functions for the corresponding apportionment methods. The D'Hondt and Sainte-Lague systems satisfy the necessary axiomatic properties and are widely applied in various countries. These indices have no upper limit, making their interpretation more difficult. The Sainte-Lague index is significantly different from the others [11] . It has the same form as the χ 2 statistic of some tests.
Axiomatic approach
Disproportionality indices must have certain properties for them to be applied in practice. Indices should measure disproportionality in every possible distribution. There are axiomatic approaches in income distribution studies [10] , where there is a similar problem of measuring inequality. Certain principles need to be formulated for the study of PR.
Axioms

Anonymity.
Any permutation of party labels does not change the value of the index.
Principle of transfers.
If we transfer seats from an overrepresented party to an underrepresented party the value of the index should not increase. 3. Independence from split. Suppose there are many parties with equal vote and seat shares, and these parties are grouped into one. If the value of the index calculated for all of the parties in the group is equal to the value of the index for the group considered as a whole, then the property of independence from split holds. 4. Scale invariance.
The index should not depend on any proportional change in the number of votes or seats in the parliament.
An index i is zero normalized if
All indices satisfy properties 1 and 4 (see Table 8 .1).
Seat share can change only by discrete values, because the number of seats is an integer. Violation of Property 2 appears only for very small changes in seat distribution that are unrealistic, given the usual size of the parliament.
Violation of property 3 means that the index depends on the number of parties. Thus, these indices are better for elections with an equal number of parties.
Choosing the correct index for measuring disproportionality requires a clear interpretation of the index.
Simulation experiment
Analysis of the analytical form does not reveal all the features of the indices. Some properties appear only after analyzing a large sample. The number of real election results is limited and, in addition, the apportionment method, number of parties and other parameters are all different for different elections. Therefore, we cannot compare the indices directly. On the other hand, we can use indices in real data only after studying their properties on the homogeneous set.
Statement of the experiment
Vote shares and seat shares are simulated by random variables. The difficulty of modeling various distributions of the variables v i and s i arises from the conditions
The variables are linearly dependent. The following method is used to provide a simplex. We use the elementary logistic transformation proposed by [12] . We generate x i ∼ (N(0, 1) ) and vote share is defined as the ratio of the ith element to the total sum The number of parties is n = 4 and the degree of disproportionality is σ = 0.1.
Fig. 9.1.
By construction, all v i are identically distributed. The vector of shares of seats is modeled based on the vote vector.
Note that the purpose is not to model a concrete apportionment method, because some indices are closely related to such methods. It is better to generate a random allocation of seats to analyze the indices. The values s i are generated using random deviations from v i :
Each element is divided by the sum of all values, so that values are constrained to the interval from 0 to 1.
8 experiments are conducted, for different numbers of parties n = {4, 5, 7, 10} and for different degrees of disproportionality σ = {0.1, 0.5}. Each simulation is repeated 10 000 times. Thus, homogeneous data can be used to analyze the influence of the number of parties and of the degree of disproportionality.
Results
Each index creates a unique ordering on the election results set. We can measure the distance between orderings using rank correlations between sets of the index values, which are calculated for random vote and seat vectors. The Spearman rank correlation coefficient is used for this purpose.
The values of the Spearman correlation coefficient are given in Table 9 .1. The Loosmore-Hanby index is not reported, since it gives an ordering that is equivalent to that given by the Rae index.
High rank correlations reflect considerable similarity and homogeneity among the group of absolute deviation indices. Figs. 9.1 and 9.2 demonstrate the means and standard deviations for various numbers of parties at degree of disproportionality σ = 0.1.
The mean of the majority of the indices decreases with an increase in n, since the average size of the parties and of their deviations are also decreasing.
In the given experiment, an increase in the number of parties can be viewed as a party split. There are more parties with a similar rule for the distribution of seats. The behavior of the indices that satisfy the property of independence from split significantly differs from the others. The means of the first group of indices increase, while the means of the others decrease.
Standard deviation decreases considerably. This makes the ordering more random and weakens rank correlations. An increase in disproportionality has a reverse effect.
The choice of index is less important when the degree of disproportionality is high. Orderings became closer in terms of rank-order correlations. The mean and standard deviation increase for 0.5 degree of disproportionality.
The second group of indices demonstrates a closer relationship in terms of Spearman rank correlations (Table 9 .2).
Modifications of the Gallagher index do not result in noteworthy changes. The Gatev and Ryabtsev indices differ insignificantly, as could be expected given the similarity in their analytical form. The Monroe index, which was not The number of parties is n = 4 and the degree of disproportionality is σ = 0.1. considered in the experiment, would be very close to the indices given in Table 9 .2. The Szalai index demonstrates a markedly different behavior and will be considered in more detail (see Figs. 9.3 and 9.4). The means of Lsq and H k diminish, because the average differences between vote and seat share are reduced. The Gatev, Ryabtsev, and Szalai indices are higher for a higher number of parties, because they are more sensitive to small parties. This property was considered above in the analysis of their analytical form. We again notice that indices that satisfy the property of independence from split differ from the others.
The histograms of index values in most cases are very similar. They are asymmetric one-peaked distributions.
For the degree of disproportionality σ = 0.5 and the number of parties n = 4, the Gallagher index histogram is shown in Fig. 9 .5.
For the degree of disproportionality σ = 0.1, the value of the Gallagher index drops, but the histogram's shape does not change. Almost all indices have similar distributions.
The Szalai index histogram looks like the histogram given above at σ = 0.1. Parties that have no seats appear for larger degrees of disproportionality. This has considerable impact on the value of the index, and therefore on the shape of the histogram as well. There are two separate groups of elections results. On the one hand, there are election results with parties that did not win any seats, and on the other hand there are election results without any such parties. Two distributions will result. The first distribution will have one peak; the second distribution will depend on the number of unrepresented parties. Joint distributions have many peaks. The Figs. 9.6-9.9 show histograms of the Szalai index with the various numbers of parties.
At σ = 0.5 the Szalai index distribution is bimodal, because parties without any representation appear. This can be explained using the analytical form of the index:
If s i = 0, the sum will include 1; this considerably increases the index, because the other values are rather small. This effect is more significant for a small number of parties. At n = 4, the histogram demonstrates a sharp increase after the value I Szalai = 1 4 = 0.5. At n = 10, the values 1 10 and more are reached when there are parties that did not obtain a seat, and therefore this effect is less evident. It is therefore incorrect to compare the election results with a different number of parties that received no seats.
Inequality indices and objective functions greatly differ in analytical form. Therefore, they have smaller rank-order correlations. The D'Hondt index has the smallest Spearman correlation coefficient, at about 0.5-0.8. The D'Hondt index measures the maximum discrepancy, but the other indices are closer to measuring the average dissimilarity. The rank correlations for the Atkinson index and for generalized entropy significantly depend on the parameters ε and α, respectively. The disproportionality indices describe the quality of apportionment. They are strongly correlated, though they provide different results. This experiment can be used to consider the unique features of the indices and explain how the values of the indices change in real situations. This understanding of the structure of the indices and of their properties improves the analysis of the election results.
Computed disproportionality indices for the elections to the Russian Parliament, 1995-2003
A mixed election system was used in 1995-2003 for elections to the State Duma (Russian Parliament) (Table 10 .1). Half of the 450 seats were elected based on the majoritarian method; to be exact, the relative majority in single-member districts was used. The other half was elected by the proportional representation system with a 5% threshold. System description and data can be found in [13] . Using indices, it is possible to estimate how strongly the real seat assignment deviated from the ideal apportionment.
43 parties participated in the 1995 elections. Only 4 of them achieved the necessary five-percentage minimum. 49.5% votes did not obtain any representation in the parliament. As a result, each party that was in the State Duma received a seat share almost double that of the vote share. The Aleskerov-Platonov index reflects this phenomenon. The Communist party received the highest vote share and had the maximum deviation from the exact quota. Almost all the indices create equal ordering. This is closely connected to the considerable difference in the number and size of parties. On the set of indices, the parliament of 1999 is the most proportional and the parliament of 1995 is the least. The Grofman and Rae indices differ. Their value quickly decreases, and they become very close for a large number of parties. It is very difficult to construct a correct ordering using these indices, because their values for different election results are very close.
In 2007 the election of the members of the parliament took place under a new law, therefore it is considered separately (Table 10 .2). The major change is the use of the proportional representation method for all seats. The threshold is increased to 7%. The line ''Against all'' is eliminated.
The parliament of 2007 is more proportional than others. We show two sources of the disproportionality reduction. The vote share of parties which did not obtain seats is the main factor of disproportionality in Russian elections. This share includes ''against all'' votes. The line ''against all'' was excepted in the last election. Probably because of this some people did not participate in the elections. By public opinion polls main 4 parties obtained the vast majority of votes. Other parties had very little chance to pass the threshold. The vote given to the small party could not change seat allocation, but in other case it had some influence. This is the reason why some voters might be followed by insincere preferences. 
